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Abstract 

We examine how large violation of CP and T is allowed in long base line neutrino 
experiments. When we attribute only the atmospheric neutrino anomaly to neutrino 
oscillation we may have large CP violation effect. When we attribute both the 
atmospheric neutrino anomaly and the solar neutrino deficit to neutrino oscillation 
we may have a sizable T violation effect proportional to the ratio of two mass 
differences; it is difficult to see CP violation since we can't ignore the matter effect. 
We give a simple expression for T violation in the presence of matter. 
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1 Introduction 



The CP or T violation is a fundamental and important problem of the particle physics 
and cosmology. The CP study of the lepton sector, though it has been less examined than 
that of quark sector, is indispensable, since the neutrinos are allowed to have masses and 
complex mixing angles in the electroweak theory. 

The neutrino oscillation search is a powerful experiment which can examine masses 
and mixing angles of the neutrinos. In fact the several underground experiments have 
shown lack of the solar neutrinos fl], |^, |^, § and anomaly in the atmospheric neutrinos 
0, ^ ^, implying that there may occur the neutrino oscillation. The atmospheric neutrino 
anomaly suggests mass difference around 10~^ ~ 10~^ eV^ll^, [Tl|, which encourages 
us to make long base line neutrino experiments. Recently such experiments are planned 
and will be operated in the near future |jT3|, [l^. It seems necessary for us to examine 



whether there is a chance to observe not only the neutrino oscillation but also the CP or 
T violation by long base line experiments. In this short paper we study such possibilities 
taking account of the atmospheric neutrino experiments and also considering the solar 
neutrino experiments and others. 

2 Formulation of CP and T violation in neutrino os- 
cillation 

2.1 Brief review 



We briefly review CP and T violation in vacuum oscillation [|1^, pig 
notation. 

Let's denote the mass eigenstates of 3 generations of neutrinos by z/, 
mass eigenvalues^ (mi, m2, ms) and the weak eigenstates by z/^ = (up,, u, 



Y\ to clarify our 

v\,'i^2-,y'i) with 
t) correspond- 



ing to electron, /x and r, respectively. They are connected by a unitary transformation: 



(1) 



where ?7 is a unitary (3 x 3) matrix similar to the CKM matrix for quarks. We will use 
the parametrisation for U by Chau and Keung[[l8l, |19], 




U = 

= exp{iipXY)T exp(i0A5)exp(ia;A2), 
where the A's are the Gell-Mann matrices. 
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V 



(2) 
(3) 



We assume mi < m2 < tos in vacuum. 
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The evolution equation for the weak eigenstate is given by 



d 

t — Uu 

ax 



1 



2E 



t/diag(0, 6mli, 6mlj^)U'^ 



(4) 



where p^'s are the momenta, E is the energy and 6mfj = mf — fn^j- A term proportional to 
a unit matrix like pi in eq.^ is dropped because it is irrelevant to the transition probability. 
The solution for the equation is 



) = U exp(-i;^diag(0,(5m2i,5m3J)[/"^ 1/^(0). 



z/,„Uc 



2E 



The transition probability of z/q, — > up{a, P = e, fi, r) at distance L is given by 



P{ua Z//3; E, L) 



I X! ?7/3i(e"*2¥'iiag(0'^™2i.^™3i).^.^*.|2 

E Up,U;^U:,U^, exp{-z5m^/L/2E)}. 



h3 



The T violation gives the difference between the transition probability of Va 
that of Vjs VcM%: 

P{Ua -> l^f3] E, L) - P{up Va] E, L) 

= -4{lmUp^U;^U*^^U^2){sm A21 + sin A32 + sin A13) 
= 4J/, 



where 



'2E 



2.54 



((5m2./10-2eV2^ 



(E/GeV) 



-(L/lOOkm) 



J = -Imf/^if/*2f/*,f/„2, 

/ = (sin A21 + sin A32 + sin A13) 

. . ^21 . ^32 . ^13 

= —4 sm sm sm ■ 



2 2 2 
The unitarity of U gives 

J = ± sin to cos to sin ip cos ip sin cos^ sin 5 



(5) 

(6) 
(7) 

z/^ and 



(8) 
(9) 



(10) 

(11) 
(12) 

(13) 



(14) 



with the sign + (— ) for a, (3 in cyclic (anti-cyclic) order(+ for (a,/3) = (e, /x), (/i, r) or 
(r, e)). In the following we assume the cyclic order for (a , /3) for simplicity. 
There are bounds for J and /, 
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1^1 ^673- <^^' 

where the equahty holds for | sina;| = l/\/2, \ sm.il)\ = 1/V2, \ sin0| = l/^/S and | sin5| = 
1, and[0] 



I/I < (16) 

where the equality holds for A21 = A32 = 2tt/3 (mod 2it). 

In the vacuum the CPT theorem gives the relation between the transition probabihty 
of anti-neutrino and that of neutrino, 

P{u^^up;E,L) = P{up^u^-E,L), (17) 

which relates CP violation to T violation: 

P{Ua 1^13] E, L) - P(z/a Vfi] E, L) 

= P{v^^vp-E,L)-P{vp^v^-E,L). (18) 

2.2 CP and T violation with disparate mass differences 

Let's consider how large the T(CP) violation can be in the "disparate" mass difference 
case0, say e = <^ 1. In this case the following two situations are interesting ||21[], since 

in the case A31 ^ 1 we have too small /(~ 0{e/\\]) due to eq.p!3|) to observe the T(CP) 
violation effect: 
Situation 1. A31 ~ 0(1). 

Because |eA3i| <C 1 in this case, the oscillatory part / becomes 0(e): 

/(A3i,e) = sin A21 + sin A32 + sin Ai3 

= sin(eA3i) + sin{(l-e)A3i}-sinA3i (19) 
= eA3i(l-cosA3i) + 0(e2A2j. (20) 

Fig.|I| shows the graph of /(A3i,e = 0.03). The approximation eq.^ works very well 
up to leAsil ~ 1. In the following we will use eq.|2D| instead of eq.lT^. We see many peaks 



of /(A31, e) in fig.|T[ In practice, however, we do not see such sharp peaks but observe the 
value averaged around there, for A31 has a spread due to the energy spread of neutrino 
beam (|(5A3i/A3i| = \5E/E\). In the following we will assume I5A31/A31I = \5E/E\ = 
20% pi typical value. 

Table ^ gives values of /(A3i,e)/e at the first several peaks and the averaged values 
around there. 



^ Hereafter we denote the larger mass difference by Sm'^i and the smaller one by Sni^i in the case that 
the mass differences have a large ratio. 
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Figure 1: Graph of /(A31, e) for e = 0.03. The sohd hne and the dashed hne represent the 
exact expression eq.|l^ and the approximated one eq.|2^, respectively. The approximated 
/ has peaks at A31 = 3.67, 9.63, 15.8, ■ ■ ■ irrespectively of e. 



A31 


/A 


< //e >io% 


< //e >2o% 


3.67 


6.84 


6.75 


6.48 


9.63 


19.1 


17.6 


14.0 


15.8 


31.5 


25.7 


15.6 



Table 1: The peak values of /(A3i,e)/e and the corresponding averaged values. Here 
< //c >2o%(io%) is a value of /(A31, e)/e = A3i(l — cos A3i)(see eq.^Up averaged over the 
range O.8A31 ~ I.2A31 (O.9A31 ~ I.IA31). 



We see the T violation effect. 



>2o%= 4J < / >2o%= X 



25.9 
56.0 
62.4 



for A 



31 



3.67 
9.63 

15.8 (21) 



at peaks for neutrino beams with 20 % of energy spread. Note that the averaged peak 
values decrease with the spread of neutrino energy. 

Which peak we can reach depends on 5m\i,L and E. The first peak A31 = 3.67 
is reached, for example by 5m\i = 10~^ eV^, L = 250 km (for KEK-Kamiokande long 
base line experiment) and neutrino energy E = 1.73 GeV. In this case we see the T(CP) 



violation effect at best of |25.9Je| < 2.50e since we have a bound on J as eq.l5 
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Situation 2. A31 ^ 1. 

Because sin A32 and sin A13 oscillate rapidly and vanish after being averaged over the 
energy spread in this case, the oscillatory part / is dominated by sin A21. Since / has now 
a bound |/| < 1 instead of eq.|l6|, the T violation effect 4 J/ is bounded as |4J/| < |4J|. 
(For energy spread of 10 ~ 20% of neutrino beam[^, A31 > 30 is enough for sin A32 and 
sin Ai3 to oscillate rapidly and vanish after being averaged.) 



3 CP violation 

There are a variety of possible combinations of the parameters, three mixing angles, two 
mass differences and a CP violating phase. When we consider only the atmospheric 
neutrino anomaly to be attributed to the neutrino oscillation, we can take the mass 
differences, 6m2i and 5m3^(and hence 5wi|2)5 to be comparable, while when we consider 
both the solar and the atmospheric neutrino anomalies to be attributed to the neutrino 
oscillation, we expect Sm2i and Smli to be "disparate", 671121/ Sm^^ <^ 1. 

We investigate how large the CP violation effect can be in neutrino oscillation for the 
above two cases. 



3.1 Comparable mass difference case 



Let's examine the case of mass differences to be of the same order of magnitude. 

We use a parameter set that (5m|i,5m|i) = (3.8, 1.4)xlO-2eV2, (cj,0,^) = (19°, 43°, 41°) 
and 6 is arbitrary, derived by Yasuda[|l2| through the analysis of the atmospheric neutrino 
anomaly. Here the matter effect [p^, p5[1 is negligibly small and eq.|18| is available. 

With use of eq.||, eq.|l4|, and eq.|l^ this parameter set gives the CP violation effect 



z/^) = 0.22 sin 5/(a;), 



(22) 



where 



f{x) = (sin 3.8a; + sin 2.4a; — sinl.4x). 



(23) 



and 



X 



2.5 



(L/lOOkm) 
{E/GeV) 



(24) 



Fig.^ shows the oscillatory part f{x). There are many peaks f{x) showing the possibil- 
ity to observe the large CP violation effect. For example, we may see very large difference 
between the transition probabilities, < P(z/a vp) — P{va — > vp) >2o% ~ 0.4 sin 5 
for L = 250 km(for KEK-Kamiokande experiment) and E ~4.5 GeV corresponding to 
X ~ 1.4, if we have large sin 5. 
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f[x) = sin 3.8a; + sin 2.4a; — sin lAx 




X 



Figure 2: Graph of f{x) of eq.^ There are high peaks(positive or negative) at a; = 
0.42, 1.4, 3.6, 4.6 ■ ■ ■. Values of f{x) at peaks averaged over energy spread of 10%~ 20% 

are < /(0.42) >= 1.3 ~ 1.3, < /(1.4) >= -1.9 1.8, < /(3.6) >= 2.2 ~ 1.4, < 

/(4.6) >= -1.5 0.40 



Incidentally we may remark that the survival probability of solar neutrino is calcu- 
lated to be 0.45 for those mixing angles. This value is consistent with both two gal- 
lium experiments [0, Q and Kamiokande experiment 0, but it is inconsistent with Home- 
stake result [ffl, if all the solar neutrino anomaly should be attributed to the neutrino 



oscillation 26 



In conclusion we may see a large CP violation effect when we have comparable mass 
differences. In this respect we note that the long base line experiments are urgently 
desirable. 



3.2 Disparate mass difference case 



Next we consider the "disparate" mass difference case 5m2i/5m|^ -C 1. 

The case Sm'^i ~ 1 eV^ and Sm^i ~ 10~^ eV^ is favoured by the hot dark matter 
scenario [p^ and the atmospheric neutrino anomaly. This case is already analysed by 
TanimotoPSi and we will not discuss it here. 

10~^ eV^ could typically explain the anomalies 
In this case we cannot neglect the matter 



The case Sm^i 



10 ^ eV^ and 6ml^ 



of the atmospheric and the solar neutrinos |TT 
effect [0, g 

2V2GFneE ~ 2 X 10"^^ 




n 



W / ' (25) 

3g/c.cy 

where rig is the electron number density of the earth and n is the matter density of the 
surface of the earth, since it is greater than 5m\^. It requires to subtract such effect in 
order to deduce the pure CP violation effect p^. In principle it is possible, because the 



matter effect is proportional to E while 6m\^ is constant. 
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4 T violation 



In the matter with constant density^, we have a pure T violation effect P(z/q vp) — 
Pivp — >■ t'a), though we do not observe a pure CP violation effect because of an apparent 
CP violation due to matter. 



4.1 T violation in matter 

When a neutrino is in matter, its matrix of effective mass squared of weak eigenstates 



IS 



U 



/o 



V 



6m^ 



31 





(a \ 











(26) 



where a = 2\/2G pneE and U is given by eq.^. This is diagonalized by a mixing matrix Um 
as = f/mdiag(m^, ?Ti|)?7m- is written with a real unitary (orthogonal) matrix U 
as 

Um = exp{iip\7)TU. (27) 
With arguments analogous to §2.1 we have the T violation effect, 



where 



{21 



fn 



-Imll ml31 f^mal ^ ma2 

sin ip COS ipUiiUuUn sin 6, 



mi — m 



^2 ~ 2 



^2 ^2 



sm ■ 



^ -L + sm -L + sm ^-L. 



2E 



2E 



2E 



We get 



diag(m^,m2,m3) 




a + 5m\^ siv? < 
t/M I 

6m\i cos sin ( 



5^31 COS sin I 


^"^31 COS^ (j) 



(29) 
(30) 



ulul ) u, 



(31) 



^ Note that the time reversal of Va — > J'/S requires the exchange of the production point and the 
detection point and the time reversal of P(fQ vp) in matter is in general different from P{v0 Vg)^^. 
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where = exp{i(f)Xr,) and t/^^ = exp{iujX2)- 

An exact result for Um and is given in 
cated. Here we show a simple expression for Um and in the case 6m'2i <^ a, ^mg^. We 
derive Um and Dm in this case using perturbation with respect to small 



30|, though their result is rather compli- 



21- 



First we decompose U = UqV and diagonalize by Uq the first term of the parenthesis 
{} of eq.^, the eigenvalues of which we denote by Aj's. We find 



Uq = exp^icp'X^) with tan 20' 



Smf^ sin 20 
Smli cos 2(f) — a 



(32) 



and 



We have 



Ai 

A2 

A, 



Ml 
V 



(a+5nv^-^) — yJ (a+<5m|-^)2— 4a(5m|j^ cos-^ rj> 



0, 



(33) 



2 



Ao 



A3/ 



+ 5ml.Us-6>U^ 



/O 



V 



V 



(34) 



yt{diag(Ai,A2,A3) + 5m2,/7}F. 

3e 

Aj, Vij = 6ij, and U = Uq which gives 



Next we diagonalize the whole by V with perturbation with respect to small 



2 

I 



At the zeroth order of Sm^i, we have m: 
U12 = (f^o)i2 = and hence = 0(see eq.pQl). 
At the first order of perturbation, we have 



21- 



Aj + Sm^iHii, 

r 1 



6m: 



'21 A, -A,; 



for i = j 
for i ^ i ' 



(35) 
(36) 



and with eq.[25 



5ml^ 



{(5mi, + a)2 



45m3ia cos^ 0}^/^ 



sin u; cos u; sin cos -0 sin sin 5. (37) 



4.2 Most likely case: 5m\i <C a <C 5m\i 

It seems most likely to be realized that dm^i ^ a <^ (^"^li as is discussed in §3.2. Here 
we study this case in detail. Since Jm is O^dmli) we neglect Oi^dmli) in estimating fm- 
We also neglect 0{a?) since a/^mg^ -C 1. 
Then we have the effective masses 



m\ 
ml 
mi 



Ai ~ a cos^ 
A2 ~0, 



(3^ 



A3 ~ 6m1^ + a sin 
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and "mass difference ratio" 



Note that \em\ 
We find 



< 1. 



and 



^2 



m: 



^2 



m 



~ 2 

ml 



a cos (, 



(39) 



8rn? 



21 



sin u) cos u) sin %[) cos ip sin sin 5, 



(40) 



(41) 



Using the argument similar to that used to derive eq.^, we obtain the T violation 
effect 



r 25.9 
56.0 



< P{l^a T^p) - P{l^p l^a) >20%= Jmem X < q2A = 



X < 



r 25.9 
56.0 
62.4 



(42) 



at peaks, where we choose the mean neutrino energy E to satisfy (see Table |l|) 



A31 = 6m^^ 



L 
2E 



3.67,9.63,15.8... 



(43) 



According to the analysis by Fogli et al^^, J/ sin 5 ~ 0.06 and e ~ 10 ^ are allowed^ 
for example. Then 



< P{Ua Vp) - P{Vf3 Va) >20%= I ^^^^45^ I ( ) slu 5 X { 



0.06 / VlO-2 



r 0.015 

0.033 
0.037 



(44) 



5 Summary 

We have examined the CP and T violation in the neutrino oscillation, and analysed how 
large the violation can be by taking account of the constraints of the neutrino experiments. 

In case of the comparable mass differences of Sm^i, Sm^-^ and (Jmgg in the range 10~^ 
to 10~^ eV^, which is consistent with the analysis of the atmospheric neutrino anomalies, 
it is found that there is a possibility that the CP violation effect is large enough to be 
observed by 100 ~ 1000 km base line experiments if the CP violating parameter sinS is 
sufficiently large. 

^ Here sincj ~ 1/2, sin V' ~ l/v^ and sin0 = \/0A. 
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In case that ^m^i is much smaller than the matter parameter "a" and Sm'^i, which is 
favoured both by the solar and atmospheric neutrino anomalies, we have derived a simple 
formula for the T violation effect. We note that the probability of CP or T violation effect 
should vanish for 6m2i —>■ 0, and therefore be proportional to 617121/6171^1, 6m\i/ {E / L) 
or 6m\i/a by the dimensional analysis. Our calculation confirms this expectation. If the 
solar and atmospheric neutrino anomalies are both attributed to the neutrino oscillation, 
the CP violation test is found difficult since matter effect is larger than the pure CP 
violation effect. How to extract the matter effect in such a case will be discussed in a 



separate paper 29 



In conclusion the long base line neutrino oscillation experiments are very important 
and desirable to study not only neutrino masses and mixings but the CP or T violation 
in the lepton sector and there is some possibility to find such effect explicitly. 

We finally express our thanks to Prof. K. Nishikawa for valuable discussions and 
communications. 
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